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Abstract 

A general equilibrium equation, including the saddle-splay elastic constant Ii24, 

of director configurations of nematic droplets in PDLC with weak homeotropic an- 

choring is obtained. Numerical simulationshows that: 1) A transition from the axial 

structure to the bipolar structure occurs a t  certain threshold value of the ratio of 

the anchoring strength u and the electric field strength t; 2) A nearly homogeneous 

orientation of the directors occurs when f decreases to a certain value; 3) Increasing 

f can induce a transition from the radial structure to the axial structure; 4) I(24 

is insensitive to  both the radial structure and the axial structure. Optical patterns 

of droplets with different configurations viewed under polarized optical microscope 

were also simulated. The numerical method used in the present work is different 

from that used in previous works and maybe useful in case of more complex bound- 

ary conditions. 

PACS numbers: 64.70.Md, 61.30.Gd 
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I Introduction 

Recently keen interests have been focused on the brhavior of liquid crystals i n  confined geom- 

etry [l-31, in particular, of nematic droplets confined in spherical genmet.ry as in  PDLC (polymer 

dispersed liquid crystals) [4-51. In such cases, the surface effect and the bulk effect are comparable. 

Many structures, such as the radial structure , the bipolar structure and lhe axial structure have 

been discovcrcd (2, 6-81, Surface induced phenomena near N - I  transitions have also been investi- 

gated [Y-111. However, An integrated picture of droplet structure under different conditions is still 

lacking. In this article we are trying to do some work  on this line by considering nematic droplets 

with weak homeotropic anchoring in an electric field and taking the surface anchoring and the 

saddle-splay elasticity into consideration. 

I1 Free energy and equilibrium equations 

The total free energy of a spherical nematic droplet of constant volume at  constant temperature 

is: 

where 6'1, A-2 and K3 are the splay, the twist and the  bend constant respectively, c, is the dielectric 

anisotropy, W" is the strength of the surface anchor energy, n and m are the unit director vector 

and the unit surface normal vector respectively, and ZiZ4 is thc saddle-splay constant. The surface 

anchor energy is expressed as: 

- f j Wo(n. rnl2d.s (2) 

Introducing two Lagrange multipliers, A(r) for the volume integral, and A(r)  for the surlace inte- 

gral, we write: 

with 

1 
-[Kl  (V . n)' + I i 2 (  n . V x n)' + ICs( n x B x n)'] 
2 
1 1 
-cor,(n. E)' - -A(r)(n. n - I ) .  
2 2 

fv = 

- ( 4 )  
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( 5 )  
1 1 
2 2 f, = - - Wo( n m)' - I<z,rn ( nV . n + n x V x n) - -A( r )( n , n - 1 ). 

The Euler-Lagrange equations are: 

where m, is the j-th component of m. A straight-forward calculation leads to: 

( & - K I ) V ( V . n ) -  IC3V2n+(K2- K3)[AVx n + V x ( A n ) ] - c o r , ( n . E ) E =  X(r)n. ( 8 )  

in the bulk. and 

(li, - 2 K z 4 ) m . ( V . n ) - W o ( n ~ m ) . m + ( I i ~ - l i z ) A ( m x  n) 

- ( K 3  - 2K24)m x V x n + 2li24m. 0 ) n  = A(r)n (9)  

on the surface, where 

A = n . ( V  x n). 

For simplicity, we consider the one constant approximation, i.e., K l  = K z  = K 3  = K. Under this 

condition, Eq. (8) and Eq. (9) become 

V*n + r ( n .  E)E = X'(r)n. (11) 

in the bulk, and 

r(m.  (V n) - m x V x n) - v(n. m) - m ( m .  V)n = A'(r)n. (12) 

on the surface. here 

€0.53 y = -  
K '  

By scaling transformation, one can see that in a large droplet the director configurat,ion is 

mainly determined by the surface anchoring strength and in a small droplet elastic torsion play 

the major role. 
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In numcrically simulating the director configuration, Eq. (11) and Eq. (12) must be rewritten 

into difference equations. We assume that the dircctor configuration has cylindriral svmrnet ry and 

treat this problem in spherical coordinates 

Due to the complexity of the boundary condition, tlir relaxation method, which is usually used 

in treating this kind of problems, should be altered. Here a hybrid method which is a conibination 

of the relaxation method and the fractional-step method (or hill-climbing method) proves simple 

and reliable. that  is, we treat the bulk equation with the relaxation method, the boundary cqiration 

with the fractional-step method, and combine them into a unified formula for computer simulation. 

Let p = fi, h = 8, where R is the radius of the droplet, N and C are integers, and denote 

for positive integers i < N t 1, I < 2C t 1, nk means the k-th component of n. 

Let 

* i , j , k . /  = nk(rr j f ) .  

Due to  the cylindrical symmetry, we simpbfy n, ,J ,k< l  by 71,,J,k.  that is: 

After some numerical manipulations, the following formula can he deduced, and is used i n  iterating 

in computer simulation: 

where d,,? is a vector, and 
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Here t > 0. 

IV Results 

We limit our discussion to  cases without twist deformations, and introduce two parameters: 

t = f i 7  

u = uR. 

The droplet structure can be characterized by two parameters: the anchoring strength u and the 

electric field strength 1.1. We also assume that K24 = ii ( a  good approximation to  most liquid 

crystal materials). 

In most cases, the numerical simulation reveals two possible static structures, such as the bipo- 

lar structure and the radial structure, or the radial structure and the axial structure. depending 

on the initial guess of the director configuration. Just which one is more stable can decided by 

comparing their energies. 

In case of u = 0 and without the electric field, both the concentric structure and the radial 

structure are stable (Fig. 1, (a) and (b)). The application of a electric field makes them change 

into the deformed bipolar structure(Fig. 5 )  and the deformed radial structure (Fig. 3) respectively. 

Increasing the electric field strength makes the directors in these slructures more and more aligned 

along the electric field direction. Comparison of their energies shows that the radial structure has 

lower energies. 
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For u # 0, there are two cases: 

1. When > 0.1, both the radial structure and the axial structure are stable. In the radial 

structure (Fig. 3), usually there is a point defect at the center of the sphere. Under a high 

electric field, the point defect stretches along the electric field direction until it disappears 

and the structure becomes the axial one. In the axial structure (Fig. 6-7), the largest 

deformation occurs along the equator, and a line defect along the equatorial plane appears if 

the anchoring strength exceeds a certain value (in o u r  case, when f ,  a line defect occurs, see 

Fig. 7). In both structures, increasing the anchoring strength makes them more deformed 

while increasing the electric field makes the molecules more homogeneously aligned along the 

field direction. Comparison of their energies shows that when u exceeds certain value ( in 

our case u = 7 when p = 0.1, u = 6 when p = 1.0, u = 5 when p > 1.0) axial structures 

have lower energy. 

2. When > 0.1, both the radial structure and the axial structure are stable. But when 

p < 4.0 the radial structure has lower energy while for p > 4.0 the bipolar structure has 

lower energy. For u = 0, the bipolar structure with two point defects is an ideal one, while 

in weak anchoring it deforms into a quasi-bipolar structure without two surface defects (Fig. 

5). Up to  f = 0.1, this quasi-bipolar structure is nearly homogeneous. With f > 0.1, a 

transition occurs, it changes into the axial structure. This fact may be useful in practical 

applications, e. g., certain strength of anchoring may help to reduce the driven voltage of a 

PDLC film. 

The effect Of K 2 4  in case of Wo = 0 has also been investigated. It shows that for % >> 1.0 both 

the radial structure and the bipolar structure are stable, with the radid structure a t  lower energy. 

This result means that when K24 is relatively large the droplet configuration favors homeotropic 

anchoring. The effect of variation of Ii24 while keeping WO = 0 and p at 10.0,20.0 respectively has 

also been investigated. The result shows that the variation of li24 practically has no significant 

effect . 

Results on the simulation of optical patterns of various droplet structures under polarized 

microscope are illustrated in Fig. 2-7 together with their corresponding droplet structures. The 

viewing direption is along the electric field direction. All simulation are based on the assumption 
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Figure 2: The radial structure (only one quadrant is shown) and it’s optical pattern (d/A = 

28.0, no = 1.5, n, = 1.7, d is the diameter of the droplet). p = 0.0, u = 5.0. 

Figure 3: The radial structure (only one quadrant is shown) and it’s optical pattern(d/X = 28.0. 

no = 1.5, n, = 1.7, d is the diameter of the droplet). p = 100.0, D = 10.0. 
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Figure 4: The nearly uiform stucture (only one quadrant is shown) and it’s optical pattern(d/X = 

28.0, no = 1.5, n, = 1.7, d is the diameter of the droplet). p = 100.0, u = 0.0. 

Figure 5: The nearly bipolar structure (only one quadrant is shown) and it’s optical pattern(d/X 

= 28.0, no = 1.5, n, = 1.7, d is the diameter of the droplet). p = 5.0, u = 0.0. 
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that  the difference between the refractive indices of the liquid crystal material and the polymer 

matrix is so small that  the reflection and the refraction effects are neglected. Only phase shifts of 

ordinary rays and extraordinary rays are taken into account. 

V Summary 

We have derived general equations for nematic droplet configurations and have investigated 

various droplet structure transitions. Our numerical procedure is both efficient and simple. It may 

be useful on PDLC technology and theoretical investigations in which phase transitions. multi- 

stable states and hesiteresis play an important role. 
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